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εp ≠ 0
σ = σy

(at yield)

ενp ≠ 0
σ ≥ σy

(at yield)
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Prescribed
load q

D
=

 1

B = 1

Stiff platen

ν

(a)

Material properties
c = 10 kN/m2

φ = 45°
E = 2 x 105 kN/m2

ν = 0.25
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Displacement ν (m x 10–4)

θ = 45°, α = 3.52
θ = 30°, α = 3.35
θ = 15°, α = 3.11
θ = 00°, α = 2.77

Smooth platen
(associated and non-associated)

α =
q

c Nφ

Nφ = 
1 + sin φ
1 – sin φ

Associated (θ = φ = 45°) Non-associated (θ =0°, φ = 45°)

(b)

(c)
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16 x 16 mesh finite difference solution (Southwell, 1946)45
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(a) (c) Seven internal degrees
(c) of freedom

(b) Three internal degrees
(b) of freedom
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∂2 εi*

∂Li ∂Lj

Zero boundary slope

Parabolic boundary slope
Zero boundary slope
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Li L2

j L
2
k (1 + Li)

(Li + Lj) (Li + Lk)

εi* = 1/6 Li (2 Li – 1) (Li – 1)
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1 23 1 2

a1 = w
θ i

w
θ

= Σ Niai
i = 1

3 w
θ

= Σ Niai
i = 1
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2 2

2 2

(a) 24 DOF

Virgin

16 DOF

Constrained

Irons96

1 1

1 1

(b) 25 DOF 16 DOF

Irons96

1 1

1 1 ∫1

1 1

1 1

(c) 27 DOF 16 DOF

Lyons97

1 1

1 1 ∫3

1 1

1 1

(d) 23 DOF 12 DOF

Lyons97

1 1

1 1

1 1

1 1

(e) 27 DOF 16 DOF

Irons96

(semi-loof)

1 1

1 1 ∫1

∫3

Degrees of freedom

Nodal DOF [w, θx, θy]

Nodal DOF [w]

Nodal DOF [w, θn]

Nodal [θn]

Nodal DOF [θn, θs]

DOF 1 point constraint
  1, etc.

3 integral constraints
∫3, etc.
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2 x 2 Gaussian integration of all terms
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QS-N(a)

3 x 3 Gaussian integration of all terms
4 x 4 Gaussian integration of all terms

Exact thin plate
solution 0.00406
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solution 0.00127
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=
Irreducible – with
shear integration

at 2 x 2 Gauss points

Mixed – discontinuous
shear interpolation
with shear nodes
at 2 x 2 Gauss points

(    = two S variables)
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Constrained

αC = 0/8 (F)
βC = 8/0

Boundaries constrained

Relaxed

αR = (24–3)/8 = 21/8

βR = 8/(8–1) = 8/7

(a) F Failure

αC = 15/32 (F)
βC = 32/5

Boundaries constrained

αR = (63–3)/32 = 60/32

βR = 32/20

Only 3 DOF
constrained
on this boundary

(b)
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(c) Arnold and Falk30
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(b) Xu29

(a) Zienkiewicz and Lefebvre15
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(a) Centre displacement normalized with respect to thin plate theory
(a) for simply supported, uniformly loaded square plate
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(b) Moment at Gauss point nearest centre (or central point)
(b) normalized by centre moment of thin plate theory for
(b) simply supported, uniformly loaded square plate
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(c) Centre displacement normalized with respect to thin plate theory
(c) for clamped, uniformly loaded square plate
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(d) Moment at Gauss point nearest centre (or central point)
(d) normalized by centre moments of thin plate theory for
(d) clamped, uniformly loaded square plate
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